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Abstract. The elastohydrodynamic lubrication (EHL) contact model is established, the oil film 
stiffness is calculated based on Dowson-Higginson empirical minimum thickness equation. The 
vibration model of single-rotor three-input helicopter main reducer is proposed by lumped mass 
method, and nonlinear factors like oil film stiffness, dynamic meshing force are taken into account. 
The influence of oil film stiffness on system natural frequency is analyzed as well. The results 
show that oil film stiffness of the internal and external meshing pairs in the planetary gear system 
have greater impact on the natural frequency, which tends to destabilize the system. Therefore, 
the planetary gear train is the most crucial branch regarding the system splash lubrication. When 
all the oil film stiffness in the system are greater than 4×109 N/m, the natural frequencies tend to 
be stable. This study can provide the theoretical reference for the lubrication characteristics in the 
single-rotor multi-input helicopter. 
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1. Introduction 
To protect the tooth surface, the gears normally work in the lubrication condition. With load 
and entrainment velocity, the lubricating oil forms a certain film thickness on the contact surface 
of the gear pair. When working condition changes, the film follows with deformation, the oil film 
stiffness changes. Study of the influence law of the oil film stiffness on the natural characteristics 
has important engineering significance. 
Within the scope of the multi-stage helicopter main reducer, especially regarding natural 
frequency analysis. Kahraman [1] applied eigenvalue solution and the modal summation 
technique to predict the free and forced vibrations of the multi-stage gear transmission system. 
Huang [2] established a finite element model of a parallel three-shaft gear-rotor coupling system 
and analyzed the influences of the mesh stiffness, the installation angle, the helix angle and the 
bearing stiffness on the natural characteristics. Choy [3] analyzed the modal characteristics by 
using the matrix-transfer technique. Chen [4] studied the influence of torsional stiffness on natural 
characteristics of four-stage main transmission system in three-engine helicopter. Li [5] 
investigated the damping mechanism and EHL characteristics at the interface of the two DOF spur 
gear pair.  
In summary, at present, the influence of oil film stiffness on the multi-stage system natural 
characteristics, is not to be investigated, according to the limited published issues. Therefore, it is 
of great theoretical significance and engineering value to study the mechanism of oil film stiffness 
on vibration and noise in gear transmission. 
2. System dynamic model 
2.1. Dynamic modeling 
The dynamic model of single-rotor three-input helicopter main reducer is shown in Fig. 1 [6]. 
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The system includes three input branches, a tail output branch and a planet train branch. ߠଵ(௝), ߠଶ(௝), 
ߠଷ(௝), ߠସ(௝), ߠହ(௝), ߠ଺, ߠ௖, ߠ଻, ߠ଼, ߠଽ, ߠ௦ and ߠ௣௜ are rotational DOF of gear system in each stage. ݇௜௡, 
݇ଶଷ, ݇ସହ, ݇଻଼, ݇௢௨௧ and ݇଺௦ are torsional stiffness of shafts connecting each gear pair; ܿଵଶ, ܿଷସ, ܿହ଺, 
ܿ௦௣௜  and ܿ௥௣௜  are meshing damping of each gear pair; ݇ଵଶ, ݇ଷସ, ݇ହ଺, ݇௦௣௜  and ݇௥௣௜  are meshing 
stiffness of each gear pair; ݇௠ represents oil film stiffness. 
 
Fig. 1. Dynamic model of single-rotor three-input helicopter main reducer 
2.2. Differential equation  
For the EHL model, Dowson achieved a large amount of data through numerical simulation 
and experimental measurements and proposed the empirical equation for calculating the minimum 
oil film thickness. The Dowson-Higginson minimum oil film thickness empirical equation is [7]: 
ℎ௠ = 2.65ܷ଴.଻ܩ଴.ହସܹି଴.ଵଷܴ, (1)
where ܷ, ܩ, ܹ are dimensionless speed, material, load respectively: 
ܷ = ߟ଴ݑ௥ܧᇱܴ ,     ܩ = ߙ௟ܧ
ᇱ,     ܹ = ܨܧᇱܴ,     
2
ܧᇱ =
1 − ݒଵଶ
ܧଵ +
1 − ݒଶଶ
ܧଶ  , 
where, ܨ  is the load in meshing line, ܧ′  is the equivalent elastic modulus, ܴ  is synthetical 
curvature radius, ݑ௥  is entrainment velocity, ߙ௟  is pressure-viscosity coefficient, ߟ଴ is dynamic 
viscosity. ܧଵ, ܧଶ and ݒଵ, ݒଶ are the contact elastic modulus and Poisson’s ratio. 
The minimum oil film stiffness based on Dowson-Higginson oil film thickness can be derived 
by taking the derivative of Eq. (1): 
݇௛௠ = 7.69ܤܧᇱܴ(2.65ܷ଴.଻ܩ଴.ହସܴ)଻.଺ଽℎ௠ି଼ .଺ଽ, (2)
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here, ܤ is contact length. 
Time-varying meshing stiffness can be expanded in the Fourier series with the fundamental 
meshing frequency: 
ە
ۖۖ
ۖ
۔
ۖۖ
ۖ
ۓ݇ଵଶ
(௝)(ݐ) = ݇௠ଵଶ + ݇௔ଵଶ sin(߱ଵଶݐ + ߚଵଶ),   
݇ଷସ(௝)(ݐ) = ݇௠ଷସ + ݇௔ଷସ sin(߱ଷସݐ + ߚଷସ),   
݇ହ଺(௝)(ݐ) = ݇௠ହ଺ + ݇௔ହ଺ sin(߱ହ଺ݐ + ߚହ଺),   
݇଺଻(ݐ) = ݇௠଺଻ + ݇௔଺଻ sin(߱଺଻ݐ + ߚ଺଻),   
଼݇ଽ(ݐ) = ݇௠଼ଽ + ݇௔଼ଽ sin(଼߱ଽݐ + ߚ଼ଽ),   
݇௦௣௜(ݐ) = ݇௠,௦௣௜ + ݇௔,௦௣௜ sin൫߱ݐ + ߚ௦௣௜൯ ,
݇௥௣௜(ݐ) = ݇௠,௥௣௜ + ݇௔,௥௣௜ sin൫߱ݐ + ߚ௥௣௜൯ ,
 (3)
where ݇ଵଶ(௝)(ݐ) , ݇ଷସ(௝)(ݐ) , ݇ହ଺(௝)(ݐ) , ݇଺଻(ݐ) , ଼݇ଽ(ݐ) , ݇௦௣௜(ݐ)  and ݇௥௣௜(ݐ)  are time-varying mesh 
stiffness in each gear pair. ݇௠ is average meshing stiffness considering oil film stiffness, ݇௔ is 
maximum variable meshing stiffness. ߚ is initial meshing phase. 
The differential equation of the single-rotor multi-input helicopter main reducer can be 
deduced through Newton’s law, as shown in Eq. (4): 
ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓܬଵߠሷଵ(௝) + ቂܨଵଶ௣(௝)(ݐ) + ܨଵଶௗ(௝)(ݐ)ቃ ݎଵ + ݇௜௡ߠଵ(௝) = ாܶ௝,
ܬଶߠሷଶ(௝) − ቂܨଵଶ௣(௝)(ݐ) + ܨଵଶௗ(௝)(ݐ)ቃ ݎଶ + ݇ଶଷ(௝) ቀߠଶ(௝) − ߠଷ(௝)ቁ = 0,
ܬଷߠሷଷ(௝) + ቂܨଷସ௣(௝)(ݐ) + ܨଷସௗ(௝)(ݐ)ቃ ݎଷ + ݇ଶଷ(௝) ቀߠଷ(௝) − ߠଶ(௝)ቁ = 0,
ܬସߠሷସ(௝) − ቂܨଷସ௣(௝)(ݐ) + ܨଷସௗ(௝)(ݐ)ቃ ݎସ + ݇ସହ(௝) ቀߠସ(௝) − ߠହ(௝)ቁ = 0,
ܬହߠሷହ(௝) + ቂܨହ଺௣(௝)(ݐ) + ܨହ଺ௗ(௝)(ݐ)ቃ ݎହ + ݇ସହ(௝) ቀߠହ(௝) − ߠସ(௝)ቁ = 0,
ܬ଺ߠሷ଺ − ෍ ቂܨହ଺௣(௝)(ݐ) + ܨହ଺ௗ(௝)(ݐ)ቃ ݎ଺
ଷ
௝ୀଵ
+ ቂܨ଺଻௣(௝)(ݐ) + ܨ଺଻ௗ(௝)(ݐ)ቃ ݎ଺ + ݇଺௦(ߠ଺ − ߠ௦) = 0,
ܬ଻ߠሷ଻ − ቂܨ଺଻௣(௝)(ݐ) + ܨ଺଻ௗ(௝)(ݐ)ቃ ݎ଻ + ݇଻଼(ߠ଻ − ߠ଼) = 0,
଼ܬ ߠሷ଼ + ቂ଼ܨ ଽ௣(௝)(ݐ) + ଼ܨ ଽௗ(௝)(ݐ)ቃ ଼ݎ + ݇଻଼(ߠ଼ − ߠ଻) = 0,
ܬଽߠሷଽ − ቂ଼ܨ ଽ௣(௝)(ݐ) + ଼ܨ ଽௗ(௝)(ݐ)ቃ ݎଽ + ݇ோோߠଽ = − ோܶோ,
ܬ௦ߠሷ௦ + ෍ ൣܨ௦௣௜௣ (ݐ) + ܨ௦௣௜ௗ (ݐ)൧ݎ௦ −
ே
௜ୀଵ
݇଺௦(ߠ଺ − ߠ௦) = 0,
ܬ௣ߠሷ௣௜ − ൣܨ௦௣௜௣ (ݐ) + ܨ௦௣௜ௗ (ݐ)൧ݎ௣ + ൣܨ௥௣௜௣ (ݐ) + ܨ௥௣௜ௗ (ݐ)൧ݎ௣ = 0,
൤ܬ௖ + ෍ ൫݉௣௜ݎ௖ଶ൯
ே
௜ୀଵ
൨ ߠሷ௖ − ෍ ൣܨ௦௣௜௣ (ݐ) + ܨ௦௣௜ௗ (ݐ) + ܨ௥௣௜௣ (ݐ) + ܨ௥௣௜ௗ (ݐ)൧ݎ௖ cos ߙ = − ெܶோ
ே
௜ୀଵ
,
 (4)
where ாܶ௝ is the torque of engine ݆ (݆ = 1, 2, 3); ோܶோ and ெܶோ are the torque of tail branch and 
planet carrier. ܨ௣  and ܨௗ  are dynamic meshing and damping forces. ܬ௖  is carrier moment of  
inertia. 
In addition, after the decomposition and recombination of Eq. (4), it can be expressed with 
mass matrix, damping matrix and stiffness matrix form. By setting the value of damping item and 
external excitation item to be zero, the vibration differential equation of the system under free 
condition can be obtained. 
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3. System natural characteristics analysis 
Gear parameters are listed in Table 1, and EHL parameters are shown in Table 2. 
Table 1. Gear parameters 
Gear Tooth number Module Face width (mm) 
Gear 1  30 4.5 40 
Gear 2  85 4.5 40 
Gear 3  40 5 45 
Gear 4  90 5 45 
Gear 5 25 4.75 40 
Gear 6 142 4.75 40 
Gear 7  40 5 40 
Gear 8 60 5 35 
Gear 9 70 5 35 
Gear 10 68 5 28 
Gear 11-16 37 5 28 
Table 2. EHL parameters 
Parameter Value 
Dynamic viscosity ߟ଴ (Pa·s) 0.04 
Pressure-viscosity coefficient ߙ௟ (Pa-1) 2.2×10-8 
Elastic modulus ܧଵ (Pa) 2×1011 
Elastic modulus ܧଶ (Pa) 2×1011 
Poisson’s ratio ݒଵ 0.3 
Poisson’s ratio ݒଶ 0.3 
In order to explore the influence law of oil film stiffness on natural characteristics of the  
system, the natural frequencies of the first five orders are calculated and depicted in Fig. 2.  
Fig. 2(a) and Fig. 2(b) are the influence of oil film stiffness on natural frequency in first stage and 
the second stage, as shown in the figure, when the oil film stiffness is greater than 2×109 N/m, the 
natural frequencies no longer change. When the oil film stiffness is less than 2×109 N/m, the 
decrease of natural frequency of the fourth and fifth order is the most obvious. Fig. 2(c) shows the 
effect of oil film stiffness on the natural frequency in the third stage. The figure shows that when 
݇ହ଺  is less than 2×109 N/m, the first-order natural frequency decreases rapidly. Fig. 2(d) and 
Fig. 2(e) show the impact of oil film stiffness on natural frequency in the tail branch. When ݇଺଻ is 
less than 4×109 N/m, the first-order natural frequency decreases sharply; when ଼݇ଽ is less than 
0.5×109 N/m, the natural frequency of the fifth order decreases while the natural frequencies of 
other orders do not change. Fig. 2(f) and Fig. 2(g) are the influence law of planetary gear train on 
the system natural frequency, as seen from the figure, when the internal and external meshing oil 
film stiffness are equal to 0.7×109 N/m and 0.9×109 N/m, the natural frequency of each order has 
a sudden drop-point, which could easily destabilize the system. Therefore, the planetary gear train 
is the most important branch in splash lubrication analysis, the oil film stiffness cannot be too 
small in mechanical design. 
4. Conclusions 
In this paper, a dynamic model of single-rotor three-input helicopter main reducer is proposed 
and influence laws of the oil film stiffness are calculated, the analysis results enable us to draw 
the following conclusions: 
1) The influence laws of the oil film stiffness of the two gear pairs in the input branch are almost 
the same, the influence laws of the internal and external meshing pairs in the planetary gear system 
are also very similar, therefore these two branches should consider all components within the branch. 
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b) ݇ଷସ 
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f) ݇௠௦௣ 
 
g) ݇௠௥௣ 
Fig. 2. Impact of oil film stiffness on first five orders natural frequency 
2) When the oil film stiffness is small, the natural frequencies of each order can be variable. 
When the oil films stiffness of all meshing pairs in the system is more than 4×109 N/m, the natural 
frequencies tend to be stable. 
3) Planetary gear train is the most critical branch of the single-rotor three-input system 
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regarding splash lubrication, so their oil film stiffness cannot be too small during working 
condition. 
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